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bstract
In this paper some basic definitions of fractional vector calculus are introduced. A fractional form of Maxwell’s equations using
hese definitions are obtained. The first pair of Maxwell’s equations are generalized. The gravity is introduced into Maxwell’s
quations. Some fractional covariant forms are deduced. The fractional Maxwell’s field strength tensor is unchanged under a gauge
ransformation. Fractional continuity equation and the charge conservation are proved.
 2013 Taibah University. Production and hosting by Elsevier B.V. All rights reserved.
ve; Fraceywords: Fractional electromagnetism; Covariant fractional derivati
.  Introduction
By the turn of the twentieth century, physics had come
o a turning point. Maxwell had successfully unified the
lectric and magnetic force, and Einstein had begun to
ake a break through in the theory of relativity. He had
sed Maxwell’s theory to suggest that there was no abso-
ute rest frame, and that all motion was relative. Einstein
ad also begun to see how gravity might play a part in this
icture in 1907, when he published his equivalence prin-
iple. He suggested that there was no difference between
n object being accelerated and it being in freefall in a
ravitational field. This duality led him to assume that∗ Permanent address: Cairo University, Faculty of Science, Depart-
ent of Astronomy, Cairo 12613, Egypt.
el.: +966 543234803.
E-mail address: f.a.abdelsalam@gmail.com
eer review under responsibility of Taibah University
658-3655 © 2013 Taibah University. Production and hosting by
lsevier B.V. All rights reserved.
ttp://dx.doi.org/10.1016/j.jtusci.2013.04.005tional continuity
gravity was nothing but the bending of spacetime, and the
theory of gravity became a question of semi-Riemannian
Geometry.
Maxwell’s equations are the cornerstone or the
axioms of electrodynamics. Despite the fact that this
equations are more than hundred years old, they still
are subject to changes in content or notation. With the
final formulation of general relativity, Einstein noticed a
nontrivial connection between Maxwell’s electrodynam-
ics and his theory of gravity. One sees that by solving
Maxwell’s equations in a gravitational field, not only
does the electromagnetic field generate gravity, which is
certainly believable from the mass–energy relation, but
gravity can enhance a background electromagnetic field
given the proper conditions. This duality was one of the
key features of physics that led Einstein and his follow-
ers to propose that there is a Grand Unified Theory of all
the forces.
The fundamental lows of physics are usually taken
to be second order differential equations. Like any other
property of a physical theory this should be subjected
to experimental and observational tests to see what the
experimental bounds are. Is the actual order of the equa-
tions are 2 or 2 + ε, ε  ∈ R?. A method of examining this
is by using fractional derivatives to investigate the prop-
erties of differential equations which are almost second
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order. Electromagnetism might produce the best tests
of how near to second order governing field equations
need to be, in this article an attempt is made to explore
what modifications of Maxwell equations coupled with
the gravitational field can be constructed using fractional
derivatives.
The literature is wealthy of works on the subject
of the Maxwell’s equations within the framework of
fractional calculus and it will be worthnoting to sketch
some of these most important works: Tarasov [1] for-
mulated the fractional Green’s, Stokes’ and Gauss’s
theorems and realized the proofs of these theorems
for simple regions. He considered fractional nonlocal
Maxwell’s equations and the corresponding fractional
wave equations. Tarasov [2] used the fractional integrals
to describe fractal distribution. Tarasov [3] suggested a
fractional generalization of the integral Maxwell equa-
tions. Lazo [4] proposed a spatially symmetric and causal
gauge invariant fractional electromagnetic field from
a Lagrangian formulation. Almeida and Malinowska
[5] introduced a fractional theory of the calculus of
variations for multiple integrals and applied it to dis-
cuss the fractional equation of motion of a vibrating
string. Hussain and Naqvi [6] determined the fractional
solutions for the corresponding standing wave solution
and transverse impedance. Vic Dannon [7] interpreted
the fractional derivatives and proved the fundamental
theorem of the fractional product calculus. Weng [8]
discussed the impact of adjoint fields on the conser-
vation laws in the gravitational and electromagnetic
fields. Fedosin [9] shown the possibility of comple-
mentary descriptions of the physical phenomena with
the help of simultaneous use of theories of gravita-
tional and electromagnetic fields. Red’kov et al. [10]
studied Maxwell equations in a curved spacetime taken
into account effect on material equations in media.
Ghosh [11] discussed a few mathematical aspects of
classical electrodynamics with particular reference to
the Robertson–Walker–Friedmann cosmological model
with closed spatial geometry.
2.  Basic  deﬁnitions
Deﬁnition  1.  Let Ω  = ∏ni=1(ai, bi) ⊂  Rn be a domain
of Rn. Let f(xi) = f(x1, ..., xn) ∈  ACn(Ω), xi ∈  [ai, bi]
is a scaler function that have absolutely continuous
derivatives up to order (n  −  1) on Ω, then the frac-
tional Riemann–Liouville left, right multiple integrals
and partial derivatives with respect to xi of orders
α, β  ∈  R+ defined over the region ΩΞ =
∏s
i=1(aki ,  bki )
where Ξ  = {k1, ..., ks}  be an arbitrary nonempty subsetersity for Science 7 (2013) 173–179
of {1,  ...,  n} are defined respectively as,
aiD
−α
xi
f (xi)
=
(
1
Γ (α)
)sxk1∫
ak1
..
xks∫
aks
f  (ξi)
s∏
i=1
(xki −  tki )α−1dtk1 ..dtks ,
∀xki >  a
xiD
−β
bi
f  (xi)
=
(
1
Γ (β)
)sbk1∫
xk1
..
bks∫
xks
f  (ξi)
s∏
i=1
(tki −  xki )β−1dtk1 ..dtks ,
∀xki <  b
aiD
α
xi
f (xi)
= 1
Γ  (n  −  α)
(
∂
∂xi
)n xi∫
ai
f (ti)(xi −  ti)n−α−1dti,
xi >  a
xiD
β
bi
f (xi)
= 1
Γ  (n  −  β)
(
∂
∂xi
)n bi∫
xi
f (ti)(ti −  xi)n−β−1dti,
xi <  b
where n  = [α] + 1, [α] is the integral part of α, and ξj = tj
if j ∈  Ξ  and ξj = xj if j  /∈  Ξ.
Deﬁnition  2.  Let Ω  be a domain of Rn. Let
f(xi) ∈  ACn(Ω) is a scaler function that have absolutely
continuous derivatives up to order (n  −  1) on Ω, then
fractional left, right gradient gradα ≡  ∇ α, gradβ ≡  ∇ β
are defined respectively as Abd El-Salam [12] Eq. (37)
there,
∇α f  (xi)=aiDαxi eˆs f (xi)
= eˆs 1
Γ (n −  α)
(
∂
∂xi
)n xi∫
ai
f  (ti)(xi −  ti)n−α−1dti
∇βf (xi) = xiDβbi eˆsf (xi)
( ) bi∫= eˆs 1
Γ (n −  β)
∂
∂xi
n
xi
f (ti)(ti −  xi)n−β−1dti
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eﬁnition  3.  Let Ω  be a domain of Rn. Let F (xi) =
γ (xi)eˆs ∈  ACn(Ω) is a vector valued function that have
bsolutely continuous derivatives up to order (n  −  1) on
, then the left, right fractional divergence divα ≡  ∇ α,
ivβ ≡  ∇ β, is defined as,
α · F (xi) = aiDαxi eˆs ·  F (xi)
= 1
Γ  (n  −  α)
(
∂
∂xi
)n xi∫
a
fγ (ti)(xi −  ti)n−α−1dti
β · F (xi) = xiDβbi eˆs · F (xi)
= 1
Γ  (n  −  β)
(
∂
∂xi
)n bi∫
xi
fγ (ti)(ti −  xi)n−β−1dti
eﬁnition  4.  Let Ω  be a domain of Rn. Let F (xβ) =
γ (xβ)eˆs ∈  ACn(Ω) is a vector valued function that have
bsolutely continuous derivatives up to order (n  −  1)
n Ω, then the left, right fractional curlα≡  ∇ α ×,
urlβ≡  ∇ β ×  are defined respectively as,
iD
α
xi
eˆs ×  F (xi)
= eˆδ εδβγ 1
Γ  (n  −  α)
(
∂
∂xi
)n xi∫
a
fγ (ti)(xi −  ti)n−α−1dti
iD
β
bi
eˆs ×  F (xi)
= eˆδεδβγ 1
Γ  (n  −  β)
(
∂
∂xi
)n bi∫
xi
fγ (ti)(ti −  xi)n−β−1dti
+
Gauss’ law for electricity :
Gauss’ law for magnetism : 
Faraday’s law : 
Ampere −  Maxwell law : n all of these definitions α  ∈ R is the order of the frac-
ional derivative, n  ∈  N  such that n  −  1 ≤  α  < n. If α  is an
nteger, these derivatives are defined in the usual sense,
ˆs is a unit vector in the s  direction, ·, ×  are the inner andersity for Science 7 (2013) 173–179 175
cross product of vectors respectively, εδβγ is Levi–Civita
symbol, which is 1 if δβγ  is an even permutation, −1
if δβγ  it is an odd permutation, and 0 if any index is
repeated.
Introducing the generalized left/right fractional
Riemann–Liouville operators in one operator as ∂α/βμ =
(1/2)(aμDαxμ − xμD
β
bμ
),  one can define the the left/right
fractional gradient ∇α/β, divergence ∇α/β· and curl
∇α/β×  operators respectively as;
∇α/βΦ  =  ei ∂α/βi Φ,
∇α/β · F =  ∂α/βi Fi,
∇α/β ×  F  =  ei εijk∂α/βj Fk
where Φ  is a scalar function and F is the field.
3.  Fractional  Maxwell’s  equations  in  free  space
Using the definitions of the the fractional divergence
and fractional curl we can write the Maxwell’s equations
in the fractional form as:
· 	E(	x,  t) =  4πρ(	x,  t)
· 	B =  0
× 	E (	x, t) + ∂
α/β 	B(	x,  t)
∂tα/β
=  0
× 	B (	x, t) − ∂
α/β 	E(	x,  t)
∂tα/β
=  4π	j(	x,  t)
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(1)
where ρ(	x,  t) is the charge density, 	j(	x,  t) is the current
density We can write the two homogeneous equations in
terms of potentials:
	E(	x,  t) =  −∇α/βΦ(	x,  t) − ∂
α/β 	A(	x,  t)
∂tα/β
,
	B(	x, t) =  ∇α/β × 	A(	x,  t)
Now let 	Aμ =  (Φ(	x,  t), 	A(	x, t)) be the dual four-vector,
where Φ(	x,  t) the electric scalar potential is the opposite
of the time component of the (dual vector) four-potential
	Aμ, and 	A(	x,  t) the three-dimensional magnetic vector
potential. Thus using the fractional partial differeinte-equations using the antisymmetric electromagnetic field
strength covariant Faraday tensor of rank two, Fμν ≡
−Fνμ ≡  ∂μ 	Aν −  ∂ν 	Aμ,  where the field potential 	Ai =
gij 	Aj, gij is the metric, and 	Aj is the contravariant
h Univ176 F.A. Abd El-Salam / Journal of Taiba
field potential, and ∂ν = −  ∂ν to yield the fractional
Maxwell’s field strength tensor of a fractional rank Fα/βμν
as;
Fα/βμν ≡  ∂α/βμ 	Aν −  ∂α/βν 	Aμ = 	Aα/βμ,ν − 	Aα/βν,μ ,
α, β  ∈  R+ ≡ 1
2
(
aμ∂
αμ
μ
	Aν−μ∂βμbμ 	Aν
)
−1
2
(
aμ∂
αν
ν
	Aμ − v∂βνbν 	Aμ
)
(2)
where 0 < αμ, βμ < 1. Or in terms of matrix notation
Fα/βμν =
⎛
⎜⎜⎜⎜⎜⎜⎝
0 Eα,βx Eα,βy Eα,βz
−Eα,βx 0 Bαz −Bα,βy
−Eα,βy −Bα,βz 0 −Bα,βx
−Eα,βz −Bα,βy Bα,βx 0
⎞
⎟⎟⎟⎟⎟⎟⎠
Using this fractional Maxwell’s field strength tensor, we
can write fractional inhomogeneous Maxwell’s equa-
tions in an arbitrary curved spacetime (see Section 6).
Now that we have Maxwell’s equations in covariant
form, we can add gravity to the picture.
4.  Gravitatinal  ﬁeld  inclusion
Before we going to include the gravity into the
Maxwell equations we first define the fractional covari-
ant partial derivative of the Maxwell’s field strength
covariant tensor as;
Fα/βμν;σ =
1
2
(
aσ ∂
ασ
σ Fμν − σ∂βσbσ Fμν
)−  Γ λμσFα/βλν
−  Γ λνσFα/βμλ =  Fα/βμν,σ −  Γ λμσFα/βλν −  Γ λνσFα/βμλ ,
α, β  ∈  R+ (3)
where the semicolon ; indicates a covariant derivative,
α/β denotes left/right fractional Riemann–Liouville, and
Γ ijk the Christoffel symbol of the second kind which is
symmetric in its two lower indices is defined as.
Γ ijk =
1
2
gil
(
∂
α/β
k gil +  ∂α/βj gkl −  ∂α/βl gjk
)
When we add gravity, we are allowing for curved
space; therefore all derivatives must be replaced by
covariant total fractional derivatives. Firstly, we note
that when this happens, the definition of Fα/βμν does notersity for Science 7 (2013) 173–179
change:
Fα/βμν = 	Aα/βν;μ − 	Aα/βμ;ν =
1
2
(
αμ∂
αμ
μ
	Aν − μ∂βμbμ 	Aν
)
− Γ λνμ 	Aα/βλ −
1
2
(
v∂
βν
bν
	Aμ − μ∂βμbμ 	Aμ
)
+ Γ λμν 	Aα/βλ = 	Aα/βμ,ν − 	Aα/βν,μ (4)
in order to completely fix the fractional electric and
magnetic fields, we need to generalize the first pair of
Maxwell’s equations. It is easy to check that
Fα/βμν;σ +  Fα/βνσ;μ +  Fα/βσμ;ν =  Fα/βμν,σ −  Γ λμσFα/βλν −  Γ λνσFα/βμλ
+  Fα/βνσ,μ −  Γ λνμFα/βλσ −  Γ λσμFα/βνλ +  Fα/βσμ,ν −  Γ λσνFα/βλμ
−  Γ λμνFα/βσλ =  Fα/βμν,σ −  Γ λμσ
(
	Aα/βλ,ν − 	Aα/βν,λ
)
− Γ λνσ
(
	Aα/βμ,λ − 	Aα/βλ,μ
)
+Fα/βνσ,μ −  Γ λνμ
(
	Aα/βλ,σ −	Aα/βσ,λ
)
− Γ λσμ
(
	Aα/βν,λ − 	Aα/βλ,ν
)
+  Fα/βσμ,ν−Γ λσν
(
	Aα/βλ,μ−	Aα/βμ,λ
)
− Γ λμν
(
	Aα/βσ,λ − 	Aα/βλ,σ
)
= Fα/βμν,σ +  Fα/βνσ,μ +  Fα/βσμ,ν
which can be further simplified to yield
Fα/βμν,σ +  Fα/βνσ,μ +  Fα/βσμ,ν
= 1
2
(
aμ,aσ ∂
αμ,ασ
μ,σ
	Aν − μ,σ∂βμ,βσbμ,bσ 	Aν
)
− 1
2
(
aν,aσ ∂
αν,ασ
ν,σ
	Aμ − ν,σ∂βν,βσbν,bσ 	Aμ
)
+ 1
2
(
aν,aμ∂
αν,αμ
ν,μ
	Aσ − ν,μ∂βν,βμbν,bμ 	Aσ
)
− 1
2
(
aσ,aμ∂
ασ,αμ
σ,μ
	Aν − σ,μ∂βσ,βμbσ,bμ 	Aν
)
+ 1
2
(
aσ,aν∂
ασ,αν
σ,ν
	Aμ − σ,ν∂βσ,βνbσ,bν 	Aμ
)
− 1
2
(
aμ,aν∂
αμ,αν
μ,ν
	Aσ − μ,ν∂βμ,βνbμ,bν 	Aσ
)
= 0
It is worthnoting that, like in the classical elec-
tromagnetic theory, all the physical properties of the
fractional electromagnetic field are not uniquely deter-
mined not by the potential 	Aμ, but rather by the fractional
Maxwell’s field strength tensor Fα/βμν . The reason for
this is that fractional electromagnetic tensor (2) exhibits
gauge invariance. Using the 4−  vector potentials trans-
formation defined as;
	Aμ → 	A′μ +
1
2
(
αμ∂
αμ
μ − μ∂βμbμ
)
Φ (5)
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eaves the fractional Maxwell’s field strength tensor Fα/βμν
nchanged. Therefore it is called a gauge transformation
hich plays a fundamental role in the formulation of a
ausal second pair of fractional Maxwell’s equations. We
an prove this as follows
Fα/βμν =  δ
(
	Aα/βμ,ν − 	Aα/βν,μ
)
=  δ
{[
	A′α/βμ,ν +
1
2
(
aμ,aν∂
αμ,αν
μ,ν − μ,ν∂βμ,βνbμ,bν
)
Φ
]
−
[
	A′α/βν,μ +
1
2
(
aν,aμ∂
αν,αμ
ν,μ − ν,μ∂βν,βμbν,bμ
)
Φ
]}
= δ 	A′α/βμ,ν −  δ 	A
′α/β
ν,μ +
1
2
δ
(
aμ,aν∂
αμ,αν
μ,ν − μ,ν∂βμ,βνbμ,bν
)
Φ
− 1
2
δ
(
aν,aμ∂
αν,αμ
ν,μ − ν,μ∂βν,βμbν,bμ
)
Φ =  0 (6)
emark  1.  The resulting Maxwell’s equations will dis-
lay spacial symmetry if the two order parameters are
qual αμ = βμ, and if bμ = −  aμ. Finally, the components
f the two parameters fractional field strength tensor
α/β
μν are identified with the fractional electromagnetic
elds as in (2). Similarly, the homogeneous equation is
nchanged. We therefore only have to worry about the
nhomogeneous equation.
.  Fractional  continuity  equation
The idea behind the continuity equation is the flow
f some property, such as mass, energy, electric charge,
omentum, and even probability, through surfaces from
ne region of space to another. The surfaces, in general,
ay either be open or closed, real or imaginary, and have
n arbitrary shape. Let this property be represented by
ust one scalar variable, the electric charge q  moving with
elocity v in a region Ω  bounded by the surface S  = ∂Ω,
nd let the fractional volume density of this property (the
mount of q per unit fractional volume V) be Φ=aiDαxiq.
hus the total amount of the charge isnside this region
 is given by the fractional volume integral as;
(t) =
(
1
Γ (α)
)3xk1∫
ak1
xk2∫
ak2
xk3∫
ak3
Φ(ri, t)
3∏
i=1
(xki −  tki )α−1dtk1
×  dtk2dtk3The electric current is a Lorentz vector field jμ satis-
ying ∂α/βμ jμ =  0 This follows from Maxwel’s equations
α/β
μ F
α/β
μν =  jν. The velocity of charge change in theersity for Science 7 (2013) 173–179 177
region Ω bounded by S = ∂Ω  is equal to the flux f  (r,  t) =
Φv(r, t) =  (aiDαxiq)v  of charge through the surface S
αD
α
t
( 1
Γ (α)
)3 xk1∫
ak1
xk2∫
ak2
xk3∫
ak3
Φ(ri, t)
3∏
i=1
(xki − tki )α−1dtk1dtk2dtk3
=aDαt
⎡
⎢⎣( 1
Γ (α)
)2∮
ak1
∮
ak2
f (r, t)
2∏
i=1
(xki − tki )α−1.nˆdtk1dtk2
⎤
⎥⎦
where nˆ is normal to S. Using the fractional divergence
theorem, Almeida and Malinowska [5] on the right-hand
side we obtain
( 1
Γ (α)
)3 xk1∫
ak1
xk2∫
ak2
xk3∫
ak3 a
aD
α
t Φ(ri, t)
3∏
i=1
(xki − tki )α−1dtk1dtk2dtk3
=
⎡
⎢⎣( 1
Γ (α)
)3 xk1∫
ak1
xk2∫
ak2
xk3∫
ak3
∇α · f (r, t)
2∏
i=1
(xki − tki )α−1dtk1dtk2dtk3
⎤
⎥⎦
This is only true if the integrands are equal, which
directly leads to the fractional differential continuity
equation
αD
α
t Φ(ri, t) =  ∇α · f (r,  t) (7)
6.  Fractional  Maxwell  equations  in  curved  space
In an arbitrary rest frame, an infinitesimal piece of
charge is given by dq  =  ρ(	x,  t)d3x, where ρ(	x,  t) is the
regular charge density. Since the amount of charge does
not depend on your reference frame, dq  is a scalar so ρ
must transform like dx0. This means that ρ(	x,  t) =  γρ0,
where ρ0 is the volume charge density in the rest frame of
the charge. Armed with this knowledge of the fractional
differential forms see Shepherd and Naber [13], we can
write
dq  dxμ =  ρ(	x,  t)d3xdxμ =  ρ(	x,  t)d3x  dxμ dx
0√−g
dx0
√−g
=
[
ρ(	x, t)√−g
dxμ
dx0
]
[√−gd4x]
=
[
ρ (	x, t)√−g v
μ
][√−g 4∑ 4∏dxα/βi ∂α/βi xi
]i=1 i=1 (8)
where g  is the determinant of the metric tensor. The left
hand side of this equation is a 4-vector. In curved space,
h Univ178 F.A. Abd El-Salam / Journal of Taiba
the quantity
√−g∑4i=1∏4i=1dxα/βi ∂α/βi xi transforms
like a scalar, so the quantity in the bracket must be a
4-vector; this is the current density.
Using the Lagrangian density of the fractional elec-
tromagnetic field constructed from the tensor Fμν
L  =  − 1
16πc
(Fμν)α/β(Fμν)α/β −
1
c2
Aμj
μ
and fractional electromagnetic action (by integration
the fractional Lagrangian density over spacetime) given
by Lazo [4] as;
S  =  − 1
16πc
(
1
Γ  (α)
)sxk1∫
ak1
..
xk4∫
ak4
(Fμν(ξi))α/β(Fμν(ξi))α/β
×
4∑
i=1
4∏
i=1
(
xki −  tki
)α−1
dx
α/β
i ∂
α/β
i xi
− 1
c2
(
1
Γ  (α)
)sxk1∫
ak1
..
xk4∫
ak4
Aμ(ξi)jμ(ξi)
×
4∑
i=1
4∏
i=1
(xki −  tki )α−1dxα/βi ∂α/βi xi
Thus we can obtain Maxwell’s inhomogeneous equa-
tions as
∂α/βμ F
μν = 4π
c
jμ (9)
From tensor calculus, we know the covariant diver-
gence of a tensor can be expressed as Fμν;ν =
(1/√−g)∂ν(√−gFμν), Then replacing this derivative
with the fractional covariant derivative as defined in (3)
in Maxwell’s inhomogeneous equation and simplifying
using (2) and symmetry properties of the Christoffel
symbol Γ abc i, we can finally write down the result:(√−gFμν)α/β;ν = (√−gFμν)α/β,ν − √−gΓ λμσFα/βλν
−√−gΓ λνσFα/βμλ =  −4πρ(	x,  t)
dxμ
dx0
− 1
2
√−g
{
Γ λμσ
[(
aλ∂
αλ
λ
	Aν −  λ∂βλbλ 	Aν
)
( )]
− aν∂ανν 	Aλ −  v∂βνbν 	Aλ
+ Γ λνσ
[(
aμ∂
αμ
μ
	Aλ −  μ∂βμbμ 	Aλ
)
−
(
aλ∂
αλ
λ
	Aμ −  λ∂βλbλ 	Aμ
)]}
(10)ersity for Science 7 (2013) 173–179
These equations are Maxwell’s equations in covari-
ant form and in curved space Now that we know what
Maxwell’s equations look like in general curved space,
we can begin to get more specific. We consider here the
weak field approximation in covariant and contravariant
forms using gμνgνσ =  δσμ
gμν =  ημν +  hμν, gμν =  ημν +  hμν,  |hμν|  <<  1
(11)
where ημν = ημν = diag (+ 1, −  1, −  1, −  1), the
Minkowski metric This satisfies the inverse equation to
order h2. Finally, we note that the determinant of g can
be written as −g  = 1 + h, where h  =  hαα =  ηαβhαβ. Plug-
ging this into Maxwell’s inhomogeneous equation in free
space (ρ  = 0), we get:
∂α/βν
[(
1 + 1
2
h
)
(ημα −  hμα)(ηνβ −  hνβ)Fαβ
]
=  0
(12)
Retaining only the first order terms in h, and rais-
ing (lowering) with the Minkowski Metric to obtain the
covariant form of the tensors Fμν and hμν yields
∂
α/β
ν
[(
1 + 1
2
h
)
ημαηνβFαβ − ημαηνβFαβ − ηνβhμαFαβ
]
= 0
∂
α/β
ν
[(
1 + 1
2
h
)
Fμν − hνβFμ
β
− hμαFνα
]
= 0
∂
α/β
ν
[(
1 + 1
2
h
)
Fμν − ηβρhρνFμβ − ηασhμσFσν
]
= 0
(13)
In this form, we will be able to calculate the equations
of motion in free space, provided that the gravitational
field is weak, and therefore that the space is relatively flat
i.e., these formulas reduce to the flat space expressions
(special relativity) in the limit g  →  −1.
Now we will look for perturbative solutions to this
equation depending on a small expansion parameter,
say 1/c2. Assume that the hμν is time dependent,
and that hμν(t  < 0 =0), so the perturbing gravitational
field is turned on at t = 0. Also assume that at t  = 0,
Fμν =
0
Fμν, and that for t > 0, Fμν =
0
Fμν +
1
Fμν +
2
Fμν, where
0
Fμν >>
1
Fμν >>
2
Fμν. The metric tensor
can be expanded as g00 =  −1 +
2
g00 +
4
g00 + ·  · ·· ·  ·· ·  ·,
gij =  δij +
2
gij +
4
gij +  · ·  ·· · ·· ·  ·, and gi0 =
3
gi0+
5
gi0 +
i i 0· · ·· ·  ·· ·  ·. Also we find that Γ00,  Γjk and Γ0i have
the expansions Γμγλ =
2
Γμγλ +
4
Γμγλ +  · · ·· ·  ·· ·  ·, While
the components Γ i0j, Γ
0
00 and Γ 0ij have the expansions
h Univ
Γ
s
a
t
t
r
∂
s
(
4
M
p
r
p
t
a
(
e
c
t
−
+
f
(
7
e
[
[
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μ
γλ =
3
Γμγλ +
5
Γμγλ +  ....... In all these notations the
ymbols
n
gij ,
n
Γ μγλ and
n
Fμν denote the term in gij, Γμγλ
nd Fμν of order 1/cn respectively.
Notice that since space is flat and empty for t < 0,
he early field equations read Fμν,ν(0) = 0. Using the fact
hat we plug our field tensor into Maxwell’s equation and
etain only terms up to first order yields
α/β
ν
1
Fμν =  −12∂
α/β
ν
[
h
0
Fμν
]
− ηβρ∂α/βν
[
hρν
0
Fμβ
]
− ηασ∂α/βν
[
hμσ
0
Fαν
]
=  0 (14)
Now we chose the Lorentz Gauge for the potential,
o that Aν,ν =  0. Then the divergence of F (1)μν is just the
negative) fractional D’Alembertian of the perturbing
-vector potential ∂α/βν
1
Fμν =  −(∂ν)α/β
1
Fμ;ν. Therefore,
axwell’s equation becomes a wave equation for the
erturbing vector potential, driven by the term on the
ight hand side of the equation which, continuing the
arallel with electrodynamics. Now let us move on to
he metric. We have another gauge freedom here. In this
pplication, we will choose the “harmonic gauge”
∂ν)α/β ¯hμν =  (∂ν)α/β
(
hμν − 12ημνh
)
= 0 (15)
This gauge is analogous to the Lorentz gauge for the
lectromagnetic vector potential. Using this result, we
an continue to simplify our expression for our driving
erm
1
2
((∂ν)α/βh) 0Fμν + 12η
βρηνρ((∂ν)α/βh)
0
Fμβ
ηβρηνρ
(
(∂ν)α/β 0Fμβ
)
+  ηασ((∂ν)α/βhμσ)
0
Fαν
Putting everything together, we have our final result
or Maxwell’s equations in a weak gravitational field
∂ν)α/β 1Fμν =  −(∂ν)α/β
1
Aμ;ν =  ηβρhνρ
(
(∂ν)α/β 0Fμβ
)
+ ηασ((∂ν)α/βhμσ)
0
Fαν (16).  Conclusion
I have a trial to include the gravity in the theory of
lectromagnetism within the framework of the fractional
[ersity for Science 7 (2013) 173–179 179
calculus. I wrote a fractional form of Maxwell’s equa-
tions using the fractional differential operators defined in
the text. I generalized the first pair of Maxwell’s equa-
tions. I deduced some fractional covariant forms upon
including the gravity into Maxwell’s equations. The
fractional Maxwell’s field strength tensor is unchanged
under a gauge transformation. I proved fractional conti-
nuity equation and the charge conservation.
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